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In the framework of a general scalar-tensor theory, we investigate the equivalence between two
different parametrizations of fields that are commonly used in cosmology - the so-called Jordan frame
and Einstein frame. While it is clear that both parametrizations are mathematically equivalent at
the level of the classical action, the question about their mathematical equivalence at the quantum
level as well as their physical equivalence is still a matter of debate in cosmology. We analyze
whether the mathematical equivalence still holds when the first quantum corrections are taken
into account. We explicitly calculate the one-loop divergences in both parametrizations by using
the generalized Schwinger-DeWitt algorithm and compare both results. We find that the quantum
corrections do not coincide off shell and hence induce an off shell dependence on the parametrization.
According to the equivalence theorem, the one-loop divergences should however coincide on shell.
For a cosmological background, we show explicitly that the on shell equivalence is indeed realized
by a nontrivial cancellation.
PACS numbers: 04.60.-m; 98.80.Qc; 11.10.Gh
I. INTRODUCTION
The cosmological models based on scalar fields non-
minimally coupled to gravity [1]–[21] have recently be-
come more popular again, in particular because of infla-
tionary models, in which the inflation is driven by the
nonminimally coupled standard model Higgs boson [10]–
[20].
The renormalization group running that connects the
present low-energy vacuum of the standard model with
the high-energy phase during inflation is based on quan-
tum corrections and is essential for the numerical predic-
tions of the nonminimal Higgs inflation model [12, 14, 15].
While the one-loop running seems to be not accurate
enough to ensure the agreement of these models with the
latest LHC results [22, 23] (a difference of roughly 10
GeV between the predicted and measured values for the
Higgs mass), it turned out that the two-loop running [13]
brings the lower end of the predicted Higgs mass spec-
trum very close to the measured value of MH ∼ 126 GeV
[22, 23].
Although it is an appealing feature of these models
that they are falsifiable and indeed produce numerical
predictions that are in agreement with the latest results
of the satellite PLANCK [24] as well as with the recently
announced Higgs mass [22, 23], one should first clarify the
basic principles of the model before worrying about exact
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numerical values. Some of these principle questions have
already been discussed recently, among them the multi-
plet nature of the standard model complex Higgs SU(2)
doublet [25–27] and the question of unitarity for the high-
energy phase during inflation [28]–[36]. However, prob-
ably the most fundamental problem, connected to the
question of the equivalence of different field parametriza-
tions, still remains unsolved. The purpose of this paper
is to address this problem.
In cosmological models with a scalar field nonmini-
mally coupled to gravity two particular parametrizations
of fields that are commonly used are denoted “Jordan
frame” (JF) and “Einstein frame” (EF). There is an on-
going debate with quite a long history about the equiv-
alence of these parametrizations, see e.g. [37]–[45]. This
debate can be subdivided into the question of mathe-
matical and physical equivalence. We mainly focus on
the mathematical aspects but comment in the conclusion
also about possible physical implications.
While it is rather easy to check explicitly that the
mathematical description in the two frames is equiva-
lent at the tree level, it is not so obvious whether this
equivalence will still hold at the quantum level. There
has been much activity in analyzing the frame equiva-
lence of cosmological observables and perturbations [46]–
[52]. Although the cosmological perturbations are quan-
tized, this is a “mode-by-mode” analysis and does not
involve the quantum divergences that arise due to loop
effects. Therefore, the analysis of cosmological pertur-
bations does not answer the question whether the renor-
malization and the backreaction on the background, on
which these perturbations propagate, depend on the cho-
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This paper provides a natural application of the result
obtained in our preceding paper [53], where we have cal-
culated the one-loop divergences in the Jordan frame for
a general scalar-tensor theory. Here, we use this result
in order to address the question of equivalence at the
quantum level by explicitly calculating the first quan-
tum corrections in the Einstein frame and Jordan frame
parametrizations.
The strategy of our calculation can be summarized
as follows: We choose to start in the Jordan frame
parametrization. In the first calculation, we compute the
one-loop divergences directly in the Jordan frame. In the
second calculation, we first transform the tree level action
from the Jordan frame parametrization to the Einstein
frame parametrization. Then we calculate the one-loop
divergences in the Einstein frame parametrization and fi-
nally express the obtained quantum result again in the
Jordan frame parametrization, in order to compare the
two results obtained by quantizing in different frames.
The question of equivalence at the quantum level can
be rephrased as the question whether the following dia-
gram commutes or not.
FIG. 1: Transition between the (JF) and the (EF) at the tree
level and Jordan frame (QJF) and Einstein frame (QEF) at
the quantum level.
We find that the diagram does not commute off shell,
which implies that already the first quantum corrections
induce an off shell frame dependence. We suggest that
this off shell frame dependence can be traced back to
the ordinary definition of the effective action which is
not covariant with respect to the configuration space of
fields.
The paper is structured as follows:
In Sec. II, we make use of the result [53] for the one-
loop divergences of a general scalar-tensor theory with a
O(N)-symmetric scalar multiplet, calculated in the Jor-
dan frame. By reducing this result to the single field case
N = 1, we obtain the result for the direct Jordan frame
calculation.
In Sec. III, we perform the transformation of the Jor-
dan frame tree level action to the Einstein frame and cal-
culate the one-loop divergences in the Einstein frame by
using the generalized Schwinger-DeWitt method [54, 55].
In Sec. IV we express the Einstein frame one-loop re-
sult obtained in Sec. III again in terms of the Jordan
frame parametrization by applying the inverse transfor-
mation back to the Jordan frame. We then compare
this with the one-loop divergences obtained by the direct
Jordan frame calculations in Sec. II. We find that both
quantum results do not coincide off shell which shows
explicitly the frame dependence of the off shell one-loop
divergences.
In Sec. V we investigate whether the obtained results
are in agreement with the equivalence theorem [56]–[62].
According to this formal theorem, the one-loop diver-
gences are guaranteed to coincide on shell. In the pres-
ence of gravity, the explicit realization of this on shell
equivalence is nontrivial. Therefore we explicitly com-
pare the Jordan frame and Einstein frame results on shell.
Making use of the equations of motion, we show explic-
itly that the on shell equivalence is indeed realized in a
nontrivial way for a simple cosmological background.
Finally, in Sect. VI we conclude with a discussion of
the obtained results and their possible implications for
cosmology.
The explicit conformal transformation formulas for all
expressions that appear in the calculations are collected
in Appendix A. The rather long expressions for all the co-
efficients that enter the divergent one-loop contributions
to the effective action in the Jordan frame and Einstein
frame are presented in Appendixes B and C respectively.
The technical details of the explicit one-loop calculation
in the Einstein frame can be found in Appendix D.
II. JORDAN FRAME CALCULATION
We consider the action
S =
∫
M
d4x
√
g
(
U R− 1
2
Ggµν ∂µΦ
a∂νΦa − V
)
(1)
for a general scalar-tensor theory of a nonminimally cou-
pled O(N)-symmetric scalar multiplet φa with the mod-
ulus
ϕ :=
√
δabΦaΦb, a = 1, · · · , N. (2)
The field dependent couplings U(ϕ), G(ϕ) and V (ϕ) are
invariant with respect to the rotations in the isotopic
N -dimensional space.1 In [53] the divergent part of the
one-loop effective action was calculated in a closed form
by making use of the generalized Schwinger-DeWitt tech-
nique [54, 55]. All the calculations were carried out con-
sistently in the Jordan frame parametrization. We note
that the calculations in the Jordan frame [53] are espe-
cially important, because for a multiplet of scalar fields,
1 We choose to work with the conventions sign(gµν) = +2, g :=
detgµν , Rµν := Rαµαν , R
α
µβν := ∂β Γ
α
µν − ...,  := gµν ∇µ∇ν
3such as e.g. the complex standard model Higgs doublet,
the transition to the Einstein frame is not possible in
general [25]. Therefore, in such a case there is no corre-
sponding Einstein frame.
Here, we reduce this general result to the case of a
single scalar field N = 1 with the action
SJ =
∫
M
d4x
√
g
(
U R− 1
2
Ggµν ∂µϕ∂νϕ− V
)
, (3)
and investigate whether the calculation of the one-loop
divergences of (3) parametrized in two different frames
will lead to different results.
Using the MathTensor package [63] to reduce the gen-
eral result obtained in [53] to the single field case N = 1,
we obtain the one-loop divergences calculated in the Jor-
dan frame
Γdiv, J1−loop =
1
32pi2(ω − 2)
∫
d4x
√
g
{
UJ1−loopR+G
J
1−loop (ϕ, νϕ
, ν) + V J1−loop + α
J
1 RµνR
µν + αJ2 R
2 + αJ3 R (ϕ)
+ αJ4 R (ϕ, ν ϕ
, ν) + αJ5 R
µν ϕ, µ ϕ, ν + α
J
6 (ϕ)2 + αJ7 (ϕ) (ϕ, ν ϕ, ν) + αJ8 (ϕ, ν ϕ, ν)2
}
. (4)
Here, 1/(ω− 2) is a pole in dimension. The explicit form
of the individual off shell coefficients UJ1−loop, G
J
1−loop and
αJi , i = 1, .., 8 can be found in Appendix B. In the main
text, we only focus on the one-loop corrections to the off
shell effective potential V J1−loop. This is not only the most
important structure regarding cosmological applications:
it is also the only structure that does not contain any
space-time derivatives and thereby can never receive any
contributions from other structures due to integration
by parts. Since the basis in the space of independent
invariants (scalar contractions of field operators, space-
time derivatives and curvature terms) is -to some extent
- a matter of choice, the off shell effective potential can
serve as a unique indicator to test the off shell quantum
equivalence of different frames in the following sense: It
is already sufficient to show the nonequivalence of the
off shell effective potential calculated in different frames,
in order to show the frame dependence of the off shell
quantum results. The off shell one-loop corrections to
the potential in the Jordan frame are explicitly given by
√
g V J1-loop =
√
g
{
V 2
[
2 s2
(U ′)4
U4
− 2 s (U
′)2
U3
+
5
U2
]
+ V V ′
[
−8 s2 (U
′)3
U3
+ 4 s
U ′
U2
]
+ 2V V ′′ s2
(U ′)2
U2
+ (V ′)2
[
8 s2
(U ′)2
U2
− 2s
U
]
− 4V ′V ′′ s2 U
′
U
+
1
2
(V ′′)2 s2
}
. (5)
Here, a prime denotes a derivative with respect to the
Jordan frame field ϕ and s(ϕ) is a particular combination
of the field dependent generalized potentials G and U
s =
U
GU + 3 (U ′)2
. (6)
A similar calculation in the Jordan frame for a single
scalar field was already performed before in [64].2 As
discussed in [53], a few discrepancies in several coeffi-
cients αi remain when comparing the result obtained in
2 See also [65–67] for one-loop calculations in the context of dilaton
gravity.
[64] with the limiting case N = 1 of the general result
derived in [53]. This, however, does not affect the most
important structures and in particular not the off shell
effective potential, so that the conclusion drawn here re-
mains valid independent of these discrepancies.
III. EINSTEIN FRAME CALCULATION
In the next step, we transform the tree-level action
(3) into the Einstein frame. In the absence of any addi-
tional matter fields apart from the scalar field, the Ein-
stein frame is defined as the particular parametrization
of fields (gˆµν , ϕˆ) in which (3) formally resembles the or-
dinary Einstein-Hilbert action with a minimally coupled
4scalar field. The transformation procedure can be sub-
divided into two steps. First, we perform a conformal
transformation of the metric field gµν → gˆµν in order
to remove the nonminimal coupling term. Afterwards,
we perform an additional reparametrization of the scalar
field ϕ→ ϕˆ such that the kinetic term acquires the stan-
dard canonically normalized form.
In order to find the explicit transformation law that
connects the Jordan frame parametrization with the Ein-
stein frame parametrization, we have to investigate how
the nonminimal term in the tree-level action (3) changes
under a conformal transformation gµν = f gˆµν with a
field dependent conformal factor f(ϕ). Using the general
conformal transformation laws provided in Appendix A
we find
U
√
g R = U
√
gˆ
(
f Rˆ+
3
2
f−1 f;ν f ; ν − 3 f ν;ν
)
. (7)
All quantities expressed in terms of the Einstein frame
parametrization are denoted by a hat. In order to remove
the nonminimal coupling (keeping only the Einstein-
Hilbert term which can be associated with the constant
U0) we have to choose
f =
U0
U
. (8)
Under this conformal transformation, the potential and
the kinetic term in (3) will be simply rescaled by powers
of the conformal factor (8) due to the transformation of
the volume element,
√
g V =
√
gˆ
(
U0
U
)2
V =
√
gˆ Vˆ , (9)
√
g Ggµν ϕ, µ ϕ, ν =
√
gˆ
(
U0
U
)
G gˆµν ϕ, µ ϕ, ν . (10)
In the last equality of (9) we have absorbed the conformal
factor by a redefinition of the potential
Vˆ (ϕ) := U20
V (ϕ)
U2(ϕ)
. (11)
Integration by parts of the last term in (7) with the choice
(8) leads to
U
√
g R =U0
√
gˆ
[
Rˆ− 3
2
(
U ′
U
)2
ϕ;µ ϕ
µ
]
. (12)
Thus, the right-hand side of (10) receives an extra con-
tribution, leading to the transformed kinetic term
−1
2
√
g G gµν ϕ, µ ϕ, ν = −1
2
M
√
gˆ gˆµν ϕ, µ ϕ, ν , (13)
with the field dependent quantity
M(ϕ) :=
(
U0
U
)(
GU + 3 (U ′)2
U
)
. (14)
In order to normalize the kinetic term, we can again make
use of the fact that ϕ is just a configuration space variable
and perform an additional field reparametrization
ϕ→ ϕˆ . (15)
The condition for the field transformation law is fixed by
(13). We must therefore find a solution ϕˆ to the equation
M(ϕ) gˆµνϕ, µϕ, ν = gˆ
µν ϕˆ, µϕˆ, ν . (16)
This can equivalently be written as the condition
(
∂ ϕˆ
∂ϕ
)2
=
(
U0
U
)(
GU + 3 (U ′)2
U
)
. (17)
Later, we will also need the inverse relation
(
∂ϕ
∂ ϕˆ
)2
=
(
U
U0
)(
U
GU + 3 (U ′)2
)
. (18)
After the conformal transformation with (8), the field
transformation (18) and the redefinition of the potential
(11) can be used to finally express the action (3) in terms
of the Einstein frame parametrization
Sˆ =
∫
M
d4x
√
gˆ
(
U0 Rˆ− 1
2
gˆµν ∂µϕˆ ∂νϕˆ− Vˆ
)
. (19)
Using again the generalized Schwinger-DeWitt algorithm
[55], we calculate the one-loop divergences for the ac-
tion (19) in the Einstein frame parametrization. We per-
form the calculation independently in two different ways.
First, we repeat the explicit calculation that was done
already in [68]. A brief summary of the details of that
calculation can be found in Appendix D. Second, we use
the general Jordan frame result for the O(N)-symmetric
multiplet of scalar fields, obtained in [53], reduce it to
the single field case N = 1 and set in addition U = U0
and G = 1. Since the general Jordan frame result con-
tains the Einstein frame result as a special case, both
calculations should lead to the same result. Indeed, we
independently find for both calculations the same result
5Γˆdiv, E1−loop =
1
32pi2(ω − 2)
∫
d4x
√
gˆ
{
43
60
RˆµνRˆ
µν +
1
40
Rˆ2 − 1
6
Rˆ (∂2ϕˆVˆ ) +
1
2
(∂2ϕˆVˆ )
2 − U−10
[
1
3
Rˆ (ϕˆ, νϕˆ
, ν)
+
13
3
Rˆ Vˆ + 2 (∂2ϕˆVˆ ) (ϕˆ, νϕˆ
, ν) + 2 (∂ϕˆVˆ )
2
]
+ U−20
[
5 Vˆ 2 +
5
4
(ϕˆ, νϕˆ
, ν)2 + Vˆ (ϕˆ, νϕˆ
, ν)
]}
. (20)
Here, the derivative ∂ϕˆ has to be computed with respect
to the Einstein frame field ϕˆ. This result coincides with
the one already obtained in [68].3 In particular, we find
for the divergent one-loop contribution to the effective
potential calculated in the Einstein frame parametriza-
tion√
gˆ Vˆ E1−loop =
√
gˆ
(
1
2
(∂2ϕˆVˆ )
2 − 2
U0
(∂ϕˆVˆ )
2 +
5
U20
Vˆ 2
)
.
(21)
IV. EINSTEIN FRAME QUANTUM RESULT
EXPRESSED IN THE JORDAN FRAME
Finally, we express the one-loop off shell divergences
(20), derived from the tree level action in the Einstein
frame parametrization (19), in terms of the original Jor-
dan frame parametrization. Thus, we need to perform
the inverse transformation
Γˆdiv, E1−loop → Γdiv, E1−loop , (22)
in order to the explicit expression for Γdiv, E1−loop. Here,
quantities without a hat (with a hat) are represented in
the Jordan frame (Einstein frame) parametrization and
the superscript J (E) denotes the Jordan frame (Ein-
stein frame) parametrization that was used to calculate
the one-loop divergences. As we have already mentioned
in Sec. II, it is sufficient to show that the two effective off
shell potentials calculated in the Jordan frame and in the
Einstein frame do not coincide when both are expressed
in terms of the Jordan frame parametrization. The ex-
plicit form of the remaining coefficients UE1−loop, G
E
1−loop
and αEi , i = 1, ..., 8 can be found in Appendix C. Since
all other invariant scalar structures, except for the poten-
tial, involve space-time derivatives, the inverse conformal
and scalar field transformation of these structures will
again involve space-time derivatives and therefore cannot
lead to any contributions to the off shell effective poten-
tial. Thus, for the off shell comparison, it is sufficient to
consider the inverse transformation of the divergent one-
loop contributions to the effective potential: We simply
have to express
√
gˆ Vˆ E1−loop in terms of the Jordan frame
parametrization of fields (gµν , ϕ).
The relevant transformation rules involve the square
root of the metric determinant as well as the potential
and its derivatives. Making use of (A3), (11) and (18),
we find
√
gˆ =
U2
U20
√
g , (23)
Vˆ =
U20
U2
V , (24)
∂Vˆ
∂ ϕˆ
=
U
3/2
0
U2
(V ′ U − 2U ′ V )√
GU + 3U ′2
, (25)
∂2 Vˆ
∂ϕˆ2
=
U0
U2 [GU + 3 (U)′2]2
[
12V (U ′)4 − 9U (U ′)3 V ′ − 3U2 U ′ V ′ U ′′ + 3U2 (U ′)2 V ′′
+G
(
5U V (U ′)2 − 7
2
U2 U ′ V ′ − 2U2 V U ′′ + U3 V ′′
)
+G′
(
U2 U ′ V − 1
2
U3 V ′
)]
. (26)
The divergent one-loop contribution to the off shell effective potential, calculated in the Einstein frame parametriza-
tion and expressed in terms of the Jordan frame parametrization, then reads
√
g V E1−loop =
√
g
{
V 2
[
s4
(
6G′ (U ′)3 U ′′
U3
− 3G
′ (U ′)5
U4
+
(G′)2 (U ′)2
2U2
− 18 (U
′)6 U ′′
U5
+
18 (U ′)4 (U ′′)2
U4
+
9 (U ′)8
2U6
)
+ s3
(
−2G
′U ′U ′′
U2
+
5G′ (U ′)3
U3
+
36 (U ′)4 U ′′
U4
− 12 (U
′)2 (U ′′)2
U3
− 15 (U
′)6
U5
)
6+ s2
(
−10 (U
′)2 U ′′
U3
+
25 (U ′)4
2U4
+
2 (U ′′)2
U2
)
− s 8 (U
′)2
U3
+
5
U2
]
+ V V ′
[
s4
(
−6G′ (U ′)2 U ′′
U2
+
3G′ (U ′)4
U3
− (G
′)2 U ′
2U
+
18 (U ′)5 U ′′
U4
− 18 (U
′)3 (U ′′)2
U2
− 9 (U
′)7
2U5
)
+ s3
(
G′U ′′
U
− 6G
′ (U ′)2
U2
− 39 (U
′)3 U ′′
U3
+
6U ′ (U ′′)2
U2
+
18 (U ′)5
U4
)
+ s2
(
7U ′U ′′
U2
− 35 (U
′)3
2U3
)
+ s
8U ′
U2
]
+ V V ′′
[
s3
(
G′U ′
U
+ 6
(U ′)2 U ′′
U2
− 3 (U
′)4
U3
)
+ s2
(
5 (U ′)2
U2
− 2U
′′
U
)]
+ (V ′)2
[
s4
(
3G′U ′U ′′
2U
− 3G
′ (U ′)3
4U2
+
(G′)2
8
− 9 (U
′)4 U ′′
2U3
+
9 (U ′)2 (U ′′)2
2U2
+
9 (U ′)6
8U4
)
+ s3
(
7G′U ′
4U
+
21 (U ′)2 U ′′
2U2
− 21 (U
′)4
4U3
)
+
49s2 (U ′)2
8U2
− s 2
U
]
+ V ′V ′′
[
s3
(
−G
′
2
− 3U
′U ′′
U
+
3 (U ′)3
2U2
)
− s2 7U
′
2U
]
+ s2
1
2
(V ′′)2
}
. (27)
This quantity should now be compared with the di-
vergent one-loop contribution to the effective potential
directly calculated in the Jordan frame V J1−loop that
was given in (5). Defining the difference ∆V1−loop :=
V E1−loop − V J1−loop, we find ∆V1−loop 6= 0. Thus, we have
shown that the off shell one-loop divergences calculated
in both parametrizations do not lead to the same result.
Therefore, already the first quantum corrections induce
an off shell frame dependence.
V. ON-SHELL COMPARISON OF JORDAN VS.
EINSTEIN FRAME QUANTIZATION
The explicit on shell comparison of ΓJ1−loop and Γ
E
1−loop
found in Secs. II and IV is difficult. The equations of
motion in the Jordan frame are easily obtained by the
first variation of the Jordan frame action (3). Variation
with respect to gµν gives the field equation for the metric
field
Rαβ − 1
2
gαβ R =
(
G+ 2U ′′
2U
)
ϕ,α ϕ,β −
(
G+ 4U ′′
4U
)
gαβ (∇ϕ)2 + U
′
U
ϕ;αβ − U
′
U
gαβ ϕ− 1
2
gαβ
V
U
. (28)
Contraction of (28) with gαβ , Rαβ , ϕ, α ϕ, β and ϕ;αβ
yields four scalar equations that can be used to reduce the
number of independent structures in the effective actions
R =
(
G+ 6U ′′
2U
)
(∇ϕ)2 + 3 U
′
U
ϕ+ 2 V
U
, (29)
RµνRµν =
R2
2
+
(
G+ 2U ′′
2U
)
Rµν ϕ, µ ϕ, ν −
(
G+ 4U ′′
4U
)
R (∇ϕ)2 + U
′
U
Rµνϕ;µν − U
′
U
Rϕ− V
2U
R, (30)
7Rµνϕ, µϕ, ν =
R
2
(∇ϕ)2 + G
4U
(∇ϕ)4 + U
′
U
ϕ;µν ϕ, µϕ, ν − U
′
U
ϕ (∇ϕ)2 − 1
2
V
U
(∇ϕ)2, (31)
Rµνϕ;µν =
R
2
ϕ+
(
G+ 2U ′′
2U
)
ϕ;µνϕ,µϕ,ν −
(
G+ 4U ′′
4U
)
ϕ(∇ϕ)2 + U
′
U
[
ϕ;µνϕ;µν − (ϕ)2
]− V
2U
ϕ .
(32)
Variation with respect to ϕ yields one additional scalar
equation, the Klein-Gordon equation for the scalar field
ϕ = −U
′
G
R− 1
2
G′
G
(∇ϕ)2 + V
′
G
. (33)
These formulas show that the equations of motion relate
scalar invariants containing space-time derivatives with
scalar invariants containing no space-time derivatives.
Therefore, the coefficients of the invariants containing
space-time derivatives will contribute in a nontrivial way
to the one-loop divergences of the on shell effective po-
tential. Ultimately, these on shell contributions will alter
the comparison between the on shell effective potential
calculated in the Jordan and Einstein frame and should
lead to an on shell frame independence as suggested by
the equivalence theorem [56]–[62].
The process of explicitly eliminating the dependent
structures by the equations of motion in the particular
model under consideration is rather tedious. The sys-
tem is nonlinear in the invariants and requires us to al-
ternately use (29)–(33) and integration by parts in an
iterative procedure several times, in order to reduce the
different invariant structures to a minimal independent
set.
We will, however, provide a detailed calculation and
prove the on shell frame independence explicitly for the
special case of a canonically normalized G(ϕ) = 1, con-
stant background scalar field ∇ϕ = 0. This particu-
lar background implies that no structure that involves a
derivative of the scalar field can appear in the divergent
one-loop contribution to the effective action (4). More-
over, from the form of the transformation to the Einstein
frame scalar field (18), it is clear that this also implies
∇ˆϕˆ = 0. Thus, the one-loop divergences calculated in the
Jordan frame (4) and in the Einstein frame (20) reduce
to the following structures respectively:
Γdiv, J1−loop[g, ϕ] =
1
32pi2 (ω − 2)
∫
d4x
√
g
{
UJ1−loopR+ V
J
1−loop + α
J
1 RµνR
µν + αJ2 R
2
}
, (34)
Γˆdiv,E1−loop[gˆ, ϕˆ] =
1
32pi2 (ω − 2)
∫
d4x
√
gˆ
{
UˆE1−loop Rˆ+ Vˆ
E
1−loop + αˆ
E
1 RˆµνRˆ
µν + αˆE2 Rˆ
2
}
. (35)
From the Jordan frame equations of motion (29)–(30)
and (33), we obtain in the ∇ϕ = 0 case the following
identities. The trace of the equations of motion for the
metric field gµν reduces to
R
∧
= 2
V
U
, (36)
while the Klein-Gordon equation for the scalar field yields
R
∧
=
V ′
U ′
. (37)
Combining these two equations leads to a relation that
allows us to express V in terms of U ,
V
∧
= U2 . (38)
Inserting this again in the trace equation, we find
R
∧
= 2U . (39)
Finally, using these results in (30), we find
RµνR
µν ∧= U2 , (40)
where the wedge over the equality sign indicates that we
have made use of the equations of motion. The confor-
mal transformations (A8) and (A10) become simple scal-
ing relations since the additional derivative structures are
absent in the case of the constant background scalar field,
Rˆ =
U0
U
R + terms[∇ϕ], (41)
RˆµνRˆ
µν =
(
U0
U
)2
RµνR
µν + terms[∇ϕ] . (42)
It remains to express the Einstein frame coefficients
UˆE1−loop, Vˆ
E
1−loop αˆ
E
1 , αˆ
E
2 in terms of the Jordan frame
field ϕ, in order to find UE1−loop, V
E
1−loop, α
E
1 , α
E
2 . For
G(ϕ) = 1, the suppression function (6) becomes
s(ϕ) =
U
U + 3 (U ′)2
. (43)
8The Einstein frame coefficients UˆE1−loop, Vˆ
E
1−loop αˆ
E
1 , αˆ
E
2
only involve the Einstein frame potential Vˆ and first and
second derivatives thereof ∂ϕˆVˆ and ∂
2
ϕˆVˆ ,
UˆE1−loop = −
1
6
(∂2ϕˆVˆ )−
13
3
Vˆ
U0
, (44)
Vˆ E1−loop =
1
2
(∂2ϕˆVˆ )
2 − 2
U0
(∂ϕˆVˆ )
2 +
5
U20
Vˆ 2 , (45)
αˆE1 =
43
60
, (46)
αˆE2 =
1
40
. (47)
With the definition (11) and the on shell relation (38),
we find
Vˆ =
U20
U2
V
∧
= U20 . (48)
Therefore, the relevant transformation formulas (25)–
(26) for the derivatives ∂ϕˆVˆ and ∂
2
ϕˆVˆ imply ∂ϕˆVˆ
∧
= 0
and ∂2ϕˆVˆ
∧
= 0. The on shell Einstein frame coefficients
expressed in the Jordan frame parametrization become
UE1−loop
∧
= −13
3
U0 , (49)
V E1−loop
∧
= 5U20 , (50)
αE1
∧
=
43
60
, (51)
αE2
∧
=
1
40
. (52)
Combining (49)–(52) and (38)–(40), we obtain the Ein-
stein frame on shell one-loop divergences (35) expressed
in terms of the Jordan frame parametrization
Γdiv,E1−loop[g, ϕ]
∧
=
1
32pi2 (ω − 2)
∫
d4x
√
g
(
−57
20
U2
)
.
(53)
In order to compare this with the on shell version of the
one-loop divergences calculated in the Jordan frame (34),
we have to find the on shell values of the coefficients (5),
(B1) and (B3)–(B4). Using again the relations (38)–(40)
and G(ϕ) = 1, we find
UJ1−loop
∧
= −
U
{
U2
[
6 (U ′′)2 + U ′′ + 13
]
+ 117 (U ′)4 + 7U (U ′)2 (10− 3U ′′)
}
3
(
3 (U ′)2 + U
)2 , (54)
V J1−loop
∧
=
U2
{
U2
[
2 (U ′′)2 + 5
]
+ 47 (U ′)4 + 4U (U ′)2 (7− 2U ′′)
}
(
3 (U ′)2 + U
)2 , (55)
αJ1
∧
=
2 (U ′)2
3 (U ′)2 + U
+
43
60
, (56)
αJ2
∧
=
U2
[
60 (U ′′)2 + 20U ′′ + 3
]
− 213 (U ′)4 − 2U (U ′)2 [90U ′′ + 71]
120
(
3 (U ′)2 + U
)2 . (57)
Combining the on shell coefficients (54)–(57) with the
corresponding on shell structures (38)–(40), we obtain
the on shell Jordan frame one-loop divergences (34)
Γdiv, J1−loop[g, ϕ]
∧
=
1
32pi2 (ω − 2)
∫
d4x
√
g
{
− 57
20
U2
}
.
(58)
Comparing this result with (53), we indeed find that the
divergent parts of the two effective actions do coincide on
shell. In particular this reveals how a very nontrivial can-
cellation between the complicated coefficients (54)–(57)
ensures the on shell coincidence of the one-loop diver-
gences (53) and (58) explicitly. This is in perfect agree-
ment with the formal statement of the equivalence theo-
rem [56]–[62].4 Note that the classical background, rep-
resenting the solution to the equations of motion with
V = U2 and ∇ϕ = 0 corresponds to the maximally sym-
4 The on shell coincidence of the one-loop effective action, calcu-
lated in the Jordan frame and in the Einstein frame, was also
investigated in [66].
9metric de Sitter space-time.
VI. CONCLUSION
We have calculated the divergent part of the one-loop
effective action for a general scalar-tensor theory involv-
ing a single scalar field nonminimally coupled to grav-
ity in the Jordan frame and Einstein frame parametriza-
tions. The corresponding results were obtained by apply-
ing the Schwinger-DeWitt method [54, 55] separately to
the same classical action expressed in these two different
parametrizations of fields. After the calculation of the
one-loop divergences in both parametrizations, we have
expressed both results in the Jordan frame parametriza-
tion in order to compare them. We have found that the
two off shell results do not coincide. This implies that the
classical equivalence between the two frames is destroyed
already by the first quantum corrections and shows that
the off shell one-loop divergences indeed depend on the
parametrization.
By formal arguments, the equivalence theorem states
that the quantum corrections in both frames should coin-
cide on shell. In the presence of gravity, including gravi-
ton loops, the explicit realization of this on shell equiv-
alence is however nontrivial. Therefore, we have carried
out an explicit on shell analysis for the case of a constant
background scalar field. In agreement with the equiva-
lence theorem [56]–[62], we have found that the on shell
equivalence is indeed established by a nontrivial cancella-
tion of contributions from different structures. A similar
coincidence of on shell one-loop results for another model
was found in [66].
Finally, we discuss some points that go beyond the
scope of this paper.
In this paper, we have focused on the prelogarithmic
coefficients of the one-loop divergences. There is the
additional problem of the conformal anomaly that also
affects the logarithmic structure [11]. This could be a
hint that the off shell parametrization dependence is not
only connected with the frame dependent calculation of
the counterterms but in addition with the procedure of
renormalization itself: see e.g. [33] for a discussion of
this point.
As we have mentioned already in the introduction, the
equivalence between the Jordan and Einstein frame is
a controversial topic in cosmology. For the particular
model of nonminimal Higgs inflation [10]–[20], it was re-
cently claimed in [69] that no indication for a frame de-
pendence of the off shell one-loop effective potential has
been found. The result of [69] therefore seems to be in
contradiction with the off shell quantum parametrization
dependence found in this paper. In [69], the one-loop
Coleman-Weinberg potential was calculated, including
neither the contributions of Higgs loops nor of graviton
loops. Such an approach might seem to be justified in
the effective field theoretical framework of nonminimal
Higgs inflation with a strong nonminimal coupling ξ. In
this case, the Higgs propagator is suppressed by powers
of the function (6) that scales like s ∼ 1/6ξ for high ener-
gies and graviton loops are suppressed by powers of the
Planck mass. Such an analysis seems, however, to essen-
tially miss the complicated and interesting part of the
calculation: the graviton-scalar mixing that is a conse-
quence of the nonminimal coupling to gravity. Instead,
we have presented a fully (space-time) covariant calcula-
tion of the one-loop divergences that contribute to the ef-
fective potential, including graviton loops. We performed
the calculation for a general background (g¯µν , ϕ¯), a gen-
eral potential V (ϕ) and a general nonminimal coupling
U(ϕ). We believe that the inclusion of these contribu-
tions is crucial in order to settle the issue of frame de-
pendence.
Another critical point is related to the question of
multiloop calculations. For higher loops it seems that
one cannot simply use the same tree level transforma-
tion rules between the Jordan frame and Einstein frame
parametrizations in order to relate and compare the off
shell quantum corrected results. Instead, the relevant
transformations should be constructed order by order
in perturbation theory. This means that one has to
find a quantum corrected transformation between the
off shell effective actions. However, it does not seem to
be clear how to construct such a transformation explic-
itly. Moreover, even if there might exist such a quantum
corrected transformation between different parametriza-
tions, which could be written down explicitly for the spe-
cific case under study, such a quantum corrected trans-
formation is of no practical use as long as there is no
universal principle of how to obtain this transformation
in general. This problem becomes obvious in view of the
fact that beside the cosmological Jordan frame and Ein-
stein frame parametrizations, there are infinitely many
other equally valid parametrizations. Similarly, in order
to perform the on shell comparison of the n-loop cor-
rected effective actions, one should use the (n − 1)-loop
corrected effective equations of motion. In view of this
rather complicated iterative strategy it would be desir-
able to use instead an improved formalism that automat-
ically guarantees the off shell parametrization indepen-
dence by providing a “unique” off shell effective action.
Ultimately, physical results should not depend on
the choice of coordinates - or parametrizations in the
field theoretical context. Therefore, on the basis of ge-
ometrical considerations an explicit construction of a
parametrization independent off shell extension of the
effective action was proposed and developed in [70]. By
identifying two different parametrizations as two coor-
dinate systems in the configuration space manifold, the
off-shell quantum nonequivalence of frames can be traced
back to the noncovariant definition of the off shell ef-
fective action. If we further identify the transformation
between the Jordan frame and the Einstein frame as one
particular coordinate transformation in the configuration
space of fields [41], we can apply the ideas of the im-
proved geometrical formalism [70]. The geometric con-
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struction of the effective action in the field theoretical
context [70], offers a new viewpoint on the cosmological
debate, Jordan frame vs. Einstein frame, and could also
entail important physical consequences.5 As has been al-
ready emphasized in [41], from the covariant geometrical
point of view, the cosmological debate about a physi-
cally preferred frame seems to become meaningless, in
the sense that the origin of the discrepancy between the
frames at the quantum level is to be found in the mathe-
matical formalism rather than in the physical properties
of a specific frame. Thus, the geometrical viewpoint of-
fers a natural resolution of the controversial discussion
about whether the Einstein frame or the Jordan frame
should be the “correct physical frame”: there is no pre-
ferred physical frame. Any frame is as good as any other,
as long as we work in a covariant formalism.
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Appendix A: CONFORMAL TRANSFORMATION
Let us consider the following conformal transformation
of the metric field gµν in four space-time dimensions
gµν = f gˆµν , (A1)
and its inverse
gµν = f−1 gˆµν . (A2)
5 We will discuss the physical implications in detail in [71]. The
question of equivalence of cosmological solutions in different
frames was studied in [72, 73]. For a recent application of the
geometrical formalism to the model of nonminimal Higgs infla-
tion, which was already proposed in [41], see [74]. The ques-
tion of quantum frame dependence could also be interesting for
the recently investigated “quantum tunneling of the universe” in
scalar-tensor theories [75, 76].
The square root of the determinant transforms as
√
g = f2
√
gˆ . (A3)
In order to calculate the transformation of the Riemann
tensor, it is necessary to first calculate the behavior of
the Christoffel symbol and its first derivative under the
conformal transformation (A1),
Γαµν = Γˆ
α
µν +
1
2
f−1
(
δαµ f, ν + δ
α
ν f, µ − gˆαγ gˆµν f, γ
)
,
(A4)
Γαµν, β =Γˆ
α
µν, β +
1
2
f−1
(
δαµ f, νµ + δ
α
ν f,µβ − gˆαγ, β gˆµν f, γ
− gˆαγ gˆµν, β f, γ − gˆαγ gˆµν f, γβ
)
− 1
2
f−2f, β
(
δαµ f, ν + δ
α
ν f, µ − gˆαγ gˆµνf, γ
)
.
(A5)
In order to facilitate the calculation of the Riemann ten-
sor, Ricci tensor and Ricci scalar, it is convenient to use
a Riemannian normal coordinate system for the inter-
mediate calculations in which Γˆαµν = 0 but Γˆ
α
µν, β 6= 0.
The final result for the conformal transformation of the
Riemann tensor is then found to be
Rαβγδ = Rˆ
α
βγδ +
1
4
f−2
(
3f; γ f
;α gˆβδ − 3 f; δ f ;α gˆβγ
+ 3 f; β f; δ δ
α
γ − 3 f; βf; γ δαδ + f;ν f ; ν gˆβγδαδ
− f;ν f ; ν gˆβδ δαγ
)
+
1
2
f−1
(
f α; δ gˆβγ − f α; γ gˆβδ
+ f; βγ δ
α
δ − f; βδ δαγ
)
. (A6)
Contracting the first and the third indices the result for
the Ricci tensor is
Rαβ = Rˆαβ +
3
2
f−2 f;α f; β − f−1 f;αβ − 1
2
f−1 f ν; ν gˆαβ .
(A7)
The transformation of the Ricci scalar follows from
R = gαβRαβ = f
−1 Rˆ+
3
2
f−3 f;ν f ; ν − 3 f−2 f ν;ν .
(A8)
In the divergent part of the one-loop contributions to the
effective action also the structures RαβγδRαβγδ, R
αβRαβ
and R2 appear. By making use of the Gauss-Bonnet
identity
δ
δgµν
[∫
d4 x
√
g
{
RαβγδRαβγδ + 4R
αβRαβ −R2
}]
= 0 ,
(A9)
the structure RαβγδRαβγδ can be expressed in terms of
the structures RαβRαβ and R
2. The transformation laws
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for these two structures are given by
RαβRαβ = f
−2 Rˆαβ Rˆαβ − f−3
(
Rˆ f ν; ν + 2 Rˆ
αβ f;αβ
)
+ f−4
(
f;αβ f
;αβ + 3 Rˆαβ f;α f; β + 2 f
; ν
; ν f
µ
;µ
)
− 3 f−5
(1
2
f; ν f
; ν f µ;µ + f
;αβ f;α f; β
)
+
9
4
f−6 f ;α f;α f ; β f; β , (A10)
R2 = f−2 Rˆ2 − 6 f−3 Rˆ f ν; ν + f−4
(
3 Rˆ f;ν f
;ν
+ 9 f ν; ν f
µ
;µ
)
− 9 f−5 f; ν f ; ν f µ;µ
+
9
4
f−6 f; ν f ; ν f;µf ;µ . (A11)
Appendix B: JORDAN FRAME COEFFICIENTS
In this appendix we present the explicit form of the
coefficients for the Jordan frame effective action (4)
UJ1-loop = V
[
s2
(
4 (U ′)4
U3
− 2 (U
′)2 U ′′
U2
)
− 7 s (U
′)2
3U2
− 13
3U
]
+ V ′
[
s2
(
4U ′U ′′
U
− 8 (U
′)3
U2
)
+
8 sU ′
3U
]
+ V ′′
[
s2
(
2 (U ′)2
U
− U ′′
)
− s
6
]
, (B1)
GJ1-loop =V
[
s3
(
−18G
′ (U ′)3 U ′′
U3
− 9G
′ (U ′)5
U4
− 5 (G
′)2 (U ′)2
2U2
− 90 (U
′)6 U ′′
U5
− 18 (U
′)4 (U ′′)2
U4
+
99 (U ′)8
2U6
)
+ s2
(
G′′ (U ′)2
U2
+
5G′U ′U ′′
2U2
+
11G′ (U ′)3
2U3
+
147 (U ′)4 U ′′
2U4
+
9 (U ′)2 (U ′′)2
U3
− 105 (U
′)6
2U5
)
+ s
(
−G
′U ′
2U2
− 17 (U
′)2 U ′′
U3
+
37 (U ′)4
2U4
)
+
G
U2
+
17 (U ′)2
U3
+
3U ′′
U2
]
+ V ′
[
s3
(
36G′ (U ′)2 U ′′
U2
+
18G′ (U ′)4
U3
+
5 (G′)2 U ′
U
+
180 (U ′)5 U ′′
U4
+
36 (U ′)3 (U ′′)2
U3
− 99 (U
′)7
U5
)
+ s2
(
−2G
′′U ′
U
−5G
′U ′′
2U
− 13G
′ (U ′)2
2U2
− 195 (U
′)3 U ′′
2U3
− 15U
′ (U ′′)2
U2
+
159 (U ′)5
2U4
)
+ s
(
G′
2U
+
14U ′U ′′
U2
−47 (U
′)3
2U3
)
− 3U
′
U2
]
+ V ′′
[
s3
(
−9G
′U ′U ′′
U
− 9G
′ (U ′)3
2U2
− 5 (G
′)2
4
− 45 (U
′)4 U ′′
U3
−9 (U
′)2 (U ′′)2
U2
+
99 (U ′)6
4U4
)
+ s2
(
−G
′U ′
U
+
G′′
2
+
12 (U ′)2 U ′′
U2
− 27 (U
′)4
U3
+
3 (U ′′)2
U
)
+ s
(
11 (U ′)2
U2
− U
′′
U
)
− 2
U
]
+ V
′′′
[
s2
(
G′
2
+
9 (U ′)3
2U2
)
− sU
′
U
]
, (B2)
αJ1 =
43
60
+ 2 s
(U ′)2
U
, (B3)
αJ2 =
1
40
+ s2
(
−2 (U
′)2 U ′′
U
+
2 (U ′)4
U2
+
(U ′′)2
2
)
+ s
(
U ′′
6
− 4 (U
′)2
3U
)
, (B4)
αJ3 = s
2
(
G′U ′′
2
− G
′ (U ′)2
U
+
9 (U ′)3 U ′′
2U2
− 9 (U
′)5
U3
)
+ s
(
G′
12
− U
′U ′′
U
+
19 (U ′)3
4U2
)
− 3U
′
U
, (B5)
12
αJ4 = s
3
(
−15G
′ (U ′)3 U ′′
2U2
+
3G′U ′ (U ′′)2
U
+
1
4
(G′)2 U ′′ +
3G′ (U ′)5
U3
− (G
′)2 (U ′)2
2U
+
81 (U ′)6 U ′′
4U4
−27 (U
′)4 (U ′′)2
U3
+
9 (U ′)2 (U ′′)3
U2
− 9 (U
′)8
2U5
)
+ s2
(
G′U ′U ′′
U
+
5G′ (U ′)3
4U2
+
(G′)2
24
− 12 (U
′)4 U ′′
U3
+
18 (U ′)2 (U ′′)2
U2
+
15 (U ′)6
8U4
− 3 (U
′′)3
U
)
+ s
(
−G
′U ′
2U
− 7 (U
′)2 U ′′
4U2
+
(U ′)4
2U3
− (U
′′)2
U
)
− G
3U
− 19 (U
′)2
4U2
− 2U
′′
U
, (B6)
αJ5 = s
2
(
−G
′U ′U ′′
U
− 3G
′ (U ′)3
U2
− 15 (U
′)4 U ′′
U3
− 6 (U
′)2 (U ′′)2
U2
+
9 (U ′)6
U4
)
+ s
(
G′U ′
U
+
10 (U ′)2 U ′′
U2
− 5 (U
′)4
U3
+
2 (U ′′)2
U
)
− (U
′)2
U2
− 2U
′′
U
, (B7)
αJ6 = s
2
(
9G′ (U ′)3
4U2
+
(G′)2
8
+
81 (U ′)6
8U4
)
+ s
(
−G
′U ′
2U
− 15 (U
′)4
2U3
)
+
27 (U ′)2
4U2
− U
′′
U
, (B8)
αJ7 = s
3
(
9G′ (U ′)4 U ′′
U3
+
9G′ (U ′)2 (U ′′)2
2U2
+
3 (G′)2 U ′U ′′
2U
− 45G
′ (U ′)6
8U4
+
3 (G′)2 (U ′)3
8U2
+
(G′)3
8
−81 (U
′)7 U ′′
2U5
+
81 (U ′)5 (U ′′)2
2U4
+
81 (U ′)9
8U6
)
+ s2
(
−3G
′ (U ′)2 U ′′
4U2
− 3G
′ (U ′′)2
2U
− 3G
′ (U ′)4
2U3
− (G
′)2 U ′
4U
+
153 (U ′)5 U ′′
4U4
− 63 (U
′)3 (U ′′)2
2U3
− 45 (U
′)7
4U5
)
+ s
(
G′U ′′
2U
+
G′ (U ′)2
U2
− 9 (U
′)3 U ′′
U3
+
15U ′ (U ′′)2
2U2
+
9 (U ′)5
2U4
)
+
G′
2U
− 9GU
′
2U2
+
15U ′U ′′
U2
− 15 (U
′)3
2U3
− U
′′′
U
, (B9)
αJ8 =
(
81 (U ′)12
32U8
− 81U
′′ (U ′)10
4U7
− 27G
′ (U ′)9
8U6
+
243 (U ′′)2 (U ′)8
4U6
+
81G′U ′′ (U ′)7
4U5
− 81 (U
′′)3 (U ′)6
U5
+
27 (G′)2 (U ′)6
16U4
− 81G
′ (U ′′)2 (U ′)5
2U4
+
81 (U ′′)4 (U ′)4
2U4
− 27 (G
′)2 U ′′ (U ′)4
4U3
− 3 (G
′)3 (U ′)3
8U2
+
27G′ (U ′′)3 (U ′)3
U3
+
27 (G′)2 (U ′′)2 (U ′)2
4U2
+
3 (G′)3 U ′′U ′
4U
+
(G′)4
32
)
s4 +
(
9 (U ′)10
4U7
+
135U ′′ (U ′)8
8U6
−3G
′ (U ′)7
2U5
− 405 (U
′′)2 (U ′)6
4U5
− 57G
′U ′′ (U ′)5
4U4
+
261 (U ′′)3 (U ′)4
2U4
+
(G′)2 (U ′)4
4U3
+
39G′ (U ′′)2 (U ′)3
U3
−27 (U
′′)4 (U ′)2
U3
+
23 (G′)2 U ′′ (U ′)2
8U2
− 9G
′ (U ′′)3 U ′
U2
− 3 (G
′)2 (U ′′)2
4U
)
s3 +
(
−45 (U
′)8
4U6
+
141U ′′ (U ′)6
4U5
+
29G′ (U ′)5
4U4
− 3U
′′′
(U ′)5
2U4
− 135 (U
′′)2 (U ′)4
8U4
− G
′′ (U ′)4
2U3
− 67G
′U ′′ (U ′)3
4U3
−6U
′′U
′′′
(U ′)3
U3
− 39 (U
′′)3 (U ′)2
2U3
− (G
′)2 (U ′)2
U2
− G
′′U ′′ (U ′)2
2U2
− G
′U
′′′
(U ′)2
2U2
+
4G′ (U ′′)2 U ′
U2
+
9 (U ′′)4
2U2
+
(G′)2 U ′′
2U
)
s2 +
(
25 (U ′)6
2U5
− 83U
′′ (U ′)4
2U4
− 17G
′ (U ′)3
4U3
+
9U
′′′
(U ′)3
2U3
+
133 (U ′′)2 (U ′)2
4U3
13
+
G′′ (U ′)2
2U2
+
7G′U ′′U ′
U2
− U
′′U
′′′
U ′
U2
− (U
′′)3
2U2
+
(G′)2
4U
− G
′U
′′′
2U
)
s+
145 (U ′)4
16U4
+
27G (U ′)2
4U3
+
7 (U ′′)2
2U2
− 3G
′U ′
U2
+
3 (U ′)2 U ′′
U3
+
2GU ′′
U2
− 3U
′U
′′′
2U2
+
5G2
4U2
. (B10)
Appendix C: EINSTEIN FRAME COEFFICIENTS
In this appendix we present the explicit form of the co-
efficients in (20), expressed in terms of the Jordan frame
parametrization. We start with the two most important
remaining structures
UE1−loop = V
[
s2
(
−G
′U ′
6U
− (U
′)2 U ′′
U2
+
(U ′)4
2U3
)
+ s
(
U ′′
3U
− 5 (U
′)2
6U2
)
− 13
3U
]
+ V ′
[
s2
(
G′
12
+
U ′U ′′
2U
− (U
′)3
4U2
)
+
7sU ′
12U
]
− s V
′′
6
, (C1)
GE1−loop = V
′′
[
s2
(
3G′U ′
4U
+
9 (U ′)2 U ′′
2U2
− 9 (U
′)4
4U3
)
+
2s (U ′)2
U2
− 2
U
]
+ V ′
[
s3
(
−6G
′ (U ′)2 U ′′
U2
+
3G′ (U ′)4
U3
− (G
′)2 U ′
2U
+
18 (U ′)5 U ′′
U4
− 18 (U
′)3 (U ′′)2
U3
− 9 (U
′)7
2U5
)
+ s2
(
G′′U ′
4U
− 19G
′ (U ′)2
8U2
−18 (U
′)3 U ′′
U3
+
3U ′ (U ′′)2
2U2
+
69 (U ′)5
8U4
+
3U (3) (U ′)2
2U2
)
+ s
(
G′
U
+
35U ′U ′′
4U2
− 65 (U
′)3
8U3
)
− 6U
′
U2
]
+ V
[
s3
(
12G′ (U ′)3 U ′′
U3
− 6G
′ (U ′)5
U4
+
(G′)2 (U ′)2
U2
− 36 (U
′)6 U ′′
U5
+
36 (U ′)4 (U ′′)2
U4
+
9 (U ′)8
U6
)
+ s2
(
−G
′′ (U ′)2
2U2
− 3G
′U ′U ′′
2U2
+
13G′ (U ′)3
4U3
+
63 (U ′)4 U ′′
2U4
− 12 (U
′)2 (U ′′)2
U3
− 51 (U
′)6
4U5
−3U
′′′
(U ′)3
U3
)
+ s
(
−2G
′U ′
U2
− 37 (U
′)2 U ′′
2U3
+
49 (U ′)4
4U4
+
U
′′′
U ′
U2
)
+
G
U2
+
25 (U ′)2
2U3
+
4U ′′
U2
]
− V
′′′sU ′
2U
. (C2)
The results for these structures coincide with those de-
rived in [68]. The coefficients of the remaining structures
are given by
αE1 =
43
60
, (C3)
αE2 =
1
40
, (C4)
αE3 = −
19
12
U ′
U
, (C5)
αE4 = −
G
3U
− 5
24
(U ′)2
U2
− 19
12
U ′′
U
, (C6)
αE5 = 0 , (C7)
αE6 =
19
8
(U ′)2
U2
, (C8)
αE7 =
GU ′
U2
+
5
8
(U ′)3
U3
+
19
4
U ′ U ′′
U2
, (C9)
14
αE8 =
5
4
G2
U2
+ 7
G (U ′)2
U3
+
331
32
(U ′)4
U4
+
GU ′′
U2
+
5
8
(U ′)2 U ′′
U3
+
19
8
(U ′′)2
U2
. (C10)
Appendix D: CALCULATION OF THE EINSTEIN
FRAME EFFECTIVE ACTION
In this appendix, we have dropped the convention to
denote a field in the Einstein frame parametrization by
a hat in order not to overload the notation. The result
of the divergent part for the one-loop contributions to
the effective action can be expressed in terms of the heat
Kernel coefficients a2 of the gauge-fixed action and a
(Q)
2
of the ghost action
Γ
(1)
div = limω→2
1
32pi2 (2− ω)
[ ∫
d2ωx
√
g tr [aˆ2]− 2
∫
d2ωx
√
g tr [(a
(Q)
2 )
ν
µ ]
]
. (D1)
For a general differential operator of the form
Fˆ := ˆ¯+ Pˆ − 1
6
R¯ Iˆ , (D2)
the coincidence limit x → x′ of the corresponding a2-
coefficient has the universal structure [55]
aˆ2(x, x) =
1ˆ
180
(
R¯2αβµν − R¯2µν + ¯R¯
)
+
1
2
Pˆ 2 +
1
12
Rˆ2µν +
1
6
¯Pˆ . (D3)
In this condensed notation, the hat signifies that bundle
indices A, B ... have been suppressed, i.e. Pˆ = P BA etc.
Here, Rˆµν is the bundle curvature to be introduced below
and 1ˆ := δ BA is the identity in field space. The differ-
ential operators Fˆ and Qˆ are determined by the second
variation of the gauge-fixed action and the compensating
ghost action
Stot, ij =
δ2 (S + Sgf)
δφA(x) δφB(x′)
= FAB(∇¯x)δ(x, x′) . (D4)
Here, S is the Einstein frame action (19), and a bar de-
notes a background quantity, i.e. ∇¯µ denotes the covari-
ant derivative with respect to the background connection.
For the action (19), we choose the standard DeDonder
gauge condition
χρ(hµν) := ∇¯σhσρ − 1
2
∇¯ρh = 0 , (D5)
with h := g¯µνhµν . The gauge breaking term then has the
structure
Sgb = −1
2
∫
d4x
√
g χµ gµνχ
ν . (D6)
Acting with a gauge transformation on the gauge-fixing
condition (D5) gives rise to the ghost operator
Qρσ :=
δ (χξ)
ρ
δξσ
= ¯ δρσ + R¯ρσ . (D7)
Here, ξµ is the vector field pointing in the direction of the
Lie dragging. The differential operator defined by (D4)
has the formal structure
FAB = CAB ¯+ 2 ΓσAB∇¯σ +WAB , (D8)
where the different parts are ordered according to the
number of derivatives acting on the perturbations. The
individual parts can be read off from the result of (D4),
CAB =
 G¯αβγδ 0
0 1
 , (D9)
ΓσAB =
 0 G¯αβµσ ϕ¯, µ
−G¯αβµσ ϕ¯, µ 0
 , (D10)
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WAB =
 G¯αβµν P¯ γδµν − 12 g¯αβ V¯ ′
−2G¯γδµν(∇¯ν∇¯µϕ¯)− 12 g¯γδ V¯ ′ − V¯ ′′
 .
(D11)
We have introduced the abbreviation
G¯αβ γδ :=
1
4
(
g¯αγ g¯βδ + g¯αδ g¯βγ − g¯αβ g¯γδ) , (D12)
and its inverse
G¯αβ γδ := g¯αγ g¯βδ + g¯αδ g¯βγ − g¯αβ g¯γδ , (D13)
as well as the potential contribution
P¯ γδµν := K¯
γδ
µν + S¯
γδ
µν + δ
γδ
µν V¯ , (D14)
with the curvature contribution
K¯γδλσ := 2 R¯
γ δ
(λ σ) + 2δ
(γ
(λ R¯
δ)
σ) − δγδλσ R¯− g¯γδ R¯λσ
− R¯γδ g¯λσ + 1
2
g¯γδ g¯λσ R¯ , (D15)
and the scalar field contribution
S¯γδλσ :=
1
2
ϕ¯, µϕ¯, ν g¯
µν δγδλσ − 2 δ(γ(λϕ¯, σ)ϕ¯, δ) +
1
2
g¯λσ ϕ¯
, γϕ¯, δ
+
1
2
g¯γδ ϕ¯, λϕ¯, σ − 1
4
g¯γδ g¯λσϕ¯
, νϕ¯, ν . (D16)
The operator (D8) has to be brought into its minimal
form (D2) suitable for the application of formula (D3).
This can be accomplished in two steps. First we “canon-
icalize” the D’Alembertian part by multiplying the oper-
ator (D8) with the inverse (C−1)AB of (D9). This cor-
responds to a redefinition of the perturbation field δφi.
The resulting Jacobian in the path integral leads to a
factor ∝ δ(0) that exactly cancels the volume divergence
∝ δ(0) that was suppressed in the definition (D1) for the
one-loop approximation [77]. The operator (D8) then
becomes
F˜ BA = δ
B
A ¯+ 2 Γ˜µ BA ∇¯µ + W˜ BA . (D17)
The second step consists in removing the part of (D17)
which is linear in the derivative. This can be achieved by
a redefinition of the covariant derivative
ˆ¯∇µ → Dˆµ := ˆ¯∇µ + Γˆµ . (D18)
The redefinition, in turn, leads to a modification of the
potential W˜ in (D17) as well as to a modified commutator
(bundle) curvature that is now defined with respect to the
new covariant derivative Dˆµ,
[Dˆµ, Dˆν ]φ = Rˆµνφ = (Rµν) BA φB . (D19)
With these modifications and by absorbing a factor of
1/6 R¯ δ BA into the definition of the potential part, we
can bring the operator (D8) into its minimal form (D2).
By using (D18), we can express this operator again in
terms of the original background derivative ∇¯µ and we
find the following result for the potential part and the
commutator curvature
Pˆ = PBA := W
B
A +
1
6
R¯ δBA − (∇¯µΓ B µA )
− g¯µνΓ B µA Γ C νB , (D20)
Rˆµν = R BA µν := R0 BA µν + 2 ∇¯[µg¯ν]λ Γ B λA
+ 2 g¯σ[µg¯ν]λ Γ
C σ
A Γ
B λ
C . (D21)
Here, the commutator curvature Rˆ0µν with respect to the
original background derivative ∇¯µ is defined by
[ ˆ¯∇µ, ˆ¯∇ν ]φ = Rˆ0µν φ . (D22)
Using (D9)–(D11), the explicit form of the connection
part in (D17) is given by
Γˆ := Γ˜A B := (C
−1) AC Γ CB
=
 0 δµαβ ϕ¯, µ
−G¯γδµ ϕ¯, µ 0
 , (D23)
and the potential part by
Wˆ := W˜AB := (C
−1) ACWCB
=
 P¯ γδαβ g¯αβ V¯ ′
−2G¯γδµν(∇¯ν∇¯µϕ¯)− 12 g¯γδ V¯ ′ −V¯ ′′
 .
(D24)
Substituting (D23)–(D24)) into (D20)–(D21), we find the
explicit expressions
Pˆ = PBA = W
B
A +
1
6
R¯ δBA − (∇¯µΓ B µA )− g¯ρΓ C A Γ B ρC
=
 P¯ γδαβ + 16 R¯ δγδαβ + g¯ρ δµαβ G¯γδνρ ϕ¯, µϕ¯,ν g¯αβ V¯ ′ − (∇¯α∇¯βϕ¯)
−G¯γδµν(∇¯ν∇¯µϕ¯)− 12 g¯γδ V¯ ′ − V¯ ′′ + 16 R¯+ (ϕ¯, νϕ¯, ν)
 , (D25)
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Rˆµν = R BA µν = R0 BA µν + 2 ∇¯[µg¯ν] ΓB A + 2 g¯[µg¯ν]ρ ΓC A ΓB ρC
=
 −2δ(γ(αR¯δ)β)µν − 2g¯[µg¯ν]ρδταβG¯γδηρ ϕ¯, τ ϕ¯, η 2∇¯[µg¯ν]δλαβϕ¯;λ
−2∇¯[µg¯ν] G¯γδλϕ¯;λ 0
 . (D26)
Since a trace appears in the final expression (D1), we have
to calculate the trace of the square of these quantities:
tr(Pˆ Pˆ ) = 3R¯αβγδR¯
αβγδ − 6 R¯µνR¯µν + 119
36
R¯2
− 5
6
R¯(ϕ¯, νϕ¯
, ν) +
11
4
(ϕ¯, νϕ¯
, ν)2 + 10 V¯ 2
− 26
3
R¯ V¯ − 1
3
R¯ V¯ ′′ − 4 V¯ ′2 + V¯ ′′2
+ 2V¯ ′ ¯ϕ¯+ 2 V¯ (ϕ¯, νϕ¯, ν)− 2V¯ ′′ (ϕ¯, νϕ¯, ν)
+ ϕ¯;µν ϕ¯
;µν − 1
2
(¯ϕ¯)2 , (D27)
tr(RˆµνRˆµν) =− 6R¯αβγδR¯αβγδ + R¯(ϕ¯, νϕ¯, ν)
+ 2R¯µν(ϕ¯
, µϕ¯,ν)− 3
2
(ϕ¯, νϕ¯
, ν)2
− 4ϕ¯;µνϕ¯;µν + (¯ϕ¯)2 . (D28)
The trace over the identity tr(1ˆ) = 11 is composed of the
ten degrees of freedom contained in the metric field gµν
plus one degree of freedom from the scalar field ϕ.
It remains to calculate the ghost contribution. Follow-
ing the same steps as for the operator (D8), we obtain
tr(Q)(1) = 4 , (D29)
tr(Q)(Pˆ 2) = R¯αβR¯
αβ +
4
9
R¯2 , (D30)
tr(Q)(RˆµνRˆµν) = − R¯αβγδR¯αβγδ . (D31)
Using (D1), inserting the results (D27)–(D31) in the for-
mulas for the a2-coefficient (D3), performing an integra-
tion by parts of the structures (∇¯µ∇¯νϕ¯)(∇¯µ∇¯νϕ¯), V¯ ′¯ϕ¯
and making use of the topological Gauss-Bonnet identity
(A9), we obtain the final result for the effective action in
the Einstein frame parametrization (20).
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